Abstract. The paper presents a survey on recent results on the geometry of Riemann surfaces showing that the study of closed geodesics provides a link between different aspects of Riemann surface theory such as hyperbolic geometry, topology, spectral theory, and the theory of arithmetic Fuchsian groups. Of particular interest are the systoles, the shortest closed geodesics of a surface; their study leads to the hyperbolic geometry of numbers with close analogues to classical sphere packing problems.
Introduction
Riemann surfaces are basic mathematical objects. Many important mathematical theories are related to Riemann surfaces. This contributes to the permanent renewing of Riemann surface theory and keeps this theory vital. In this article Riemann surfaces are presented from a geometric point of view, based on hyperbolic geometry, where closed geodesics in general and simple closed geodesics in particular play a crucial role.
Riemann surface theory based on (simple) closed geodesics has proved to be fruitful due to its natural relation to other approaches. First of all there is an obvious relation with topology. This goes back to Riemann himself, who, in his Inauguraldissertation [78] , introduced and defined the genus of a surface M to be the maximal number of disjoint simple closed curves along which one can cut M , such that the resulting surface is still connected. The topological aspects of simple closed curves were further developed by Dehn [26] , Nielsen [70] and, in the seventies, by Thurston; see [98] , [99] , [31] , [17] , [19] , [74] , [10] , [11] , [56] .
Of similar importance is the relation of lengths of closed geodesics of a Riemann surface with traces of elements of a corresponding Fuchsian group. An important consequence is that the arithmetic Fuchsian groups can be characterized geometrically by the lengths of closed geodesics; implicitly, this goes back to Takeuchi [97] (see section 6 for more on this subject). As one of the consequences many results and problems in classical number theory can be expressed by a geometric language using lengths of closed geodesics. For example, in Fricke/Klein [34] the classical theory of indefinite binary quadratic forms was, in parts, reformulated using the modular group and the traces of its elements (which are, as we have just seen, closely related to lengths of closed geodesics). Or the Gauss conjecture stating that there are infinitely many different real quadratic number fields of class number one can be expressed in terms of lengths of closed geodesics; see [88] . A particularly nice connection between simple closed geodesics and number theory is described in section 7 for once-punctured tori.
There is a long tradition of putting concepts of the (Euclidean) geometry of numbers into the context of hyperbolic geometry (an early example is Delsarte [27] ). But only quite recently it turned out (this started with Schmutz [82] ; see section 4) that the most natural objects in this context are the systoles, the shortest closed geodesics of a Riemann surface. They provide perfect analogues to classical problems of lattice sphere packings. An important fact (see section 5) is also that the function syst which associates to every surface the length of its systole is a topological Morse function on Teichmüller space, equivariant with respect to the mapping class group ( [90] ), again in analogy to the packing function for lattice sphere packings (Ash [4] ).
A very important relation is that provided by Selberg's trace formula. It states (in a quantitative form) that, for hyperbolic surfaces of finite area, the eigenvalue spectrum of the Laplacian determines the length spectrum and vice versa (see [93] ); for closed surfaces the result was also proved independently by Huber [45] . Section 8 describes one aspect of the relation between closed geodesics and Laplacian eigenvalues.
The relation of closed geodesics to complex analysis is not yet very well developed. One may consider the geometric characterization of hyperelliptic Riemann surfaces [89] , [91] as a subject in this context; see section 3. I also mention the geometric description of the Weil-Petersson metric on Teichmüller space; see [106] , [107] , [10] .
There is a well known relation to ergodic theory, for example through the geodesic flow or through symbolic dynamics. This theory is not treated in this paper. Also, the relation with the theory of 3-manifolds and with Kleinian groups is not treated here.
The explicit geometric theory, based on closed geodesics, has a long tradition. In Fricke/Klein [34] (Zweiter Abschnitt, Sechstes Kapitel, §11), the systoles of the unique closed surface of genus 3 with an automorphism group of order 168 were already identified. The celebrated Fenchel/Nielsen manuscript [33] was another rich source. Important progress was done in the eighties; in particular, the convex structure of Teichmüller space provided by geodesic length functions was discovered in work of Kerckhoff [52] , [53] and Wolpert [108] . Much work on the geometry of Riemann surfaces has further been done by the "Swiss school of hyperbolic geometry", initiated by Huber, in particular in connection with Laplacian eigenvalues; this is documented in Buser [16] .
The content of the different sections has already been sketched. Every section (except section 2, which gives the basic definitions) contains open questions in the form of problems or conjectures.
I apologize for not considering enough related work by other authors. This text is mainly based on my own work and, in particular, on the talk I gave on the occasion of Heinz Huber's 70th birthday (1996) in Basel (Switzerland) and on the talk at the 17th Nevanlinna colloquium (1997) in Lausanne (Switzerland). I have profited a great deal by discussions and by comments on an earlier version of this paper. I notably thank Peter Buser, Jozef Dodziuk, Henryk Iwaniec, Greg McShane, Akimou Ossé, Jack Quine, Igor Rivin, Zeév Rudnick, and Peter Sarnak. I finally thank very much the referee for valuable comments.
Basic definitions
In this section I give some basic definitions which will be used throughout the paper.
Definition. (i)
A surface M is a Riemann surface equipped with a metric of constant curvature −1; g is the genus of M . A (g, n)-surface is a surface of genus g with n cusps.
(ii) T g denotes the Teichmüller space of surfaces of genus g. T g,n denotes the Teichmüller space of (g, n)-surfaces. Remark. (i) In this paper, all surfaces will have corresponding Fuchsian groups which are finitely generated.
(ii) A Teichmüller space in this paper is always a space T g or T g,n . In particular, if M and M are two (g, n)-surfaces, then I identify the Teichmüller space of M and the Teichmüller space of M .
(iii) The topology and the analytic structure of Teichmüller space are given by a set of length functions. (iv) Let M be a surface and Γ a corresponding Fuchsian group. To a closed geodesic u in M correspond conjugacy classes γ and γ −1 in Γ (which may be equal), and we have the identity (for every γ in these conjugacy classes) 2 cosh(L(u)/2) = |tr(γ)| where tr stands for trace. Note that on the left hand side, we have the norm of u. (v) A standard reference for this material is Buser [16] ; see also Abikoff [1] , Imayoshi/Taniguchi [46] , Seppälä/Sorvali [94] .
(ii) For a positive integer N > 2 the principal congruence subgroup Γ(N ) of the modular group is defined as
Γ(N ) is canonically identified with its image in P SL(2, R).
In the case N = 2, the definition is
with U ∼ V if and only if U = ±V .
Hyperelliptic surfaces and Weierstrass points
In the classical theory, hyperelliptic Riemann surfaces are considered as the simplest surfaces. As algebraic curves of genus g they can be defined as
Here, the exponent 2 in y 2 is the crucial point. One immediately notices the hyperelliptic involution given by (x, y) −→ (x, −y) which has 2g + 2 fixed points (see for example [30] , [67] One may illustrate this result as in Figure 1 . The condition of a unique intersection point is a priori a local one, but one can imagine that if the number of simple closed geodesics is big enough, then the condition becomes global.
In order to prove Theorem 1, a further, purely topological result is needed. Here, S k and S k are in the same equivalence class if M has a homeomorphism mapping the free homotopy classes of the elements of S k to those of S k .
The idea of the proof of Theorem 2 is the fact that if k is odd, then there exists a separating set S k (meaning that
is not connected) as well as a non-separating set S k which of course cannot be in the same equivalence class. This is a generalization of the fact that there are separating and non-separating simple closed curves (this is the case k = 1). On the other hand, if k ≤ 2g is even, then S k is always non-separating.
Back to Theorem 1, note that 2g − 2 is even and that therefore, the set of 2g − 2 simple closed geodesics is topologically determined by Theorem 2.
In the hyperelliptic case the intersection point in Theorem 1 is a fixed point of the hyperelliptic involution. It is also a Weierstrass point. Every surface in T g has between 2g + 2 and g 3 − g different Weierstrass points (see for example [30] , [67] ). Theorem 1 gives a geometric description of the Weierstrass points in the hyperelliptic case, and one would like to generalize this result.
Problem. Find a geometric characterization (based on closed geodesics) of Weierstrass points.
Hyperbolic geometry of numbers
Let T be a Euclidean torus (with Euclidean metric) in the plane. Let F (T ) be a parallelogram with vertices A, B, C, D which is a fundamental domain for T . Let u be a shortest closed geodesic of T passing through two vertices of F (T ), A and B say. Then u defines a circle packing of the plane if one puts circles of radius L(u)/2 centered in the vertices of the lattice defined by F (T ); see Figure 2 . Vice versa, a lattice circle packing in the plane defines a torus and the length of its shortest closed geodesic. Therefore, a shortest geodesic of a Euclidean torus and a lattice circle packing in the plane are isomorphic concepts. Now there are two different directions of a possible generalization. On the one hand, we can look for lattice sphere packings in Euclidean m-space; on the other hand, we can see T as a surface of genus 1 and look for systoles in surfaces of genus g. This shows that the problem of the densest lattice sphere packing is analogous to the problem of finding the surface with the longest systole, and the problem of finding the lattice sphere packing with best kissing number (the number of spheres Figure 2 . A lattice circle packing defined by a shortest closed geodesic of a torus touching the same sphere) is analogous to the problem of finding the surface with the largest number of systoles. These sphere packing problems are classical in the geometry of numbers; I call the hyperbolic geometry of numbers the analogous problems for surfaces and their systoles.
The analogy described above can be expressed as an analogy between the associated groups, SL(m, Z) on the one hand and the mapping class groups on the other hand; see Ivanov [47] . See also Bavard [6] , who has put this analogy in a broader context.
Note that there is another approach to formulating the Euclidean geometry of numbers in the context of hyperbolic geometry. In it, Euclidean space is directly replaced by the hyperbolic plane (or hyperbolic space). The first problem considered in this way was a hyperbolic lattice problem, an analogue of the classical circle problem; see Delsarte [27] , Huber [44] ; for more recent treatments see [16] and [49] . See also Tsuji [101] , [102] where the classical theorems of Minkowski and Blichfeldt are formulated for the hyperbolic plane. One can study the geometry of numbers in more general spaces; see Chalk [20] and Gruber/Lekkerkerker [38] , pg. 629ff, for an overview. I emphasize however that the hyperbolic geometry of numbers as defined here is of a different nature.
I shall concentrate on the two already mentioned extremal problems. For related problems see for example [76] , in particular the contribution of Quine, where he treats analogous problems in the context of Jacobians. See further Adams [2] for horocyclic packings from which he derives some results about systoles. Extremal problems have been considered in similar contexts; see in particular Bollobás [9] for extremal graphs and Ahlfors [3] for extremal problems in conformal geometry. Concerning the Euclidean geometry of numbers one may consult Minkowski [66] , Siegel [96] , Cassels [18] , Hlawka [43] , Fricker [35] , Gruber/Lekkerkerker [38] , Erdös/Gruber/Hammer [29] , Conway/Sloane [24] .
It is a surprising fact that the situation in the case of the hyperbolic geometry of numbers often looks nicer than in the classical Euclidean geometry of numbers; see for example my following conjecture.
Conjecture 1.
There are universal constants C 1 and C 2 such that a surface M ∈ T g,n has (i) a systole u with
In the context of the Euclidean geometry of numbers one would be happy to have such nice conjectures.
What is known about Conjecture 1? Let me begin with the following result (which has no analogue in the Euclidean geometry of numbers). 
Theorem 3. (Schmutz [83]) In its Teichmüller space, the surface
, which implies that the exponent in part (i) of Conjecture 1 cannot be smaller than 2/3. Note also that the systoles of surfaces corresponding to the principal congruence subgroups of some co-compact arithmetic Fuchsian groups grow with a comparable size.
The proof of Theorem 3 strongly uses the fact that Γ(N ) is a normal subgroup of the modular group. That H/Γ(N ) is locally extremal for the function "systole" is proved with the help of Corollary 1 in section 5. In order to prove the global property, one applies the idea of the proof of a result of Fejes Toth [32] about best sphere packings of the hyperbolic plane; these best packings are provided by the triangle groups (2, 3, m), m ≥ 7 an integer.
Concerning part (ii) of Conjecture 1, we have the following result. 
systoles (T i is here the Teichmüller space of H/Γ(N i )). A similar result holds for the surfaces corresponding to the principal congruence subgroups of some co-compact arithmetic Fuchsian groups.
In the case of Γ(N) the idea of the proof is as follows. Let γ be an element of the modular group Γ(1) with |tr(γ)| = N > 2. Then, as a matter of fact, the element −γ 2 lies in Γ(N ) and corresponds to a systole in H/Γ(N ). In order to produce many systoles in H/Γ(N ) one has to choose γ such that the modular group has many different mutually non-conjugate elements of the same trace N = |tr(γ)|. By a celebrated theorem of Siegel [95] (formulated in the language of class numbers of real quadratic number fields), this multiplicity grows with N 1−ε for every ε > 0, and this is enough to prove Theorem 4 (instead of Siegel's theorem one may also apply Theorem 14 in section 5 below). The same idea works for some co-compact arithmetic Fuchsian groups.
In the Euclidean geometry of numbers the densest lattice sphere packing and the lattice sphere packing with the largest kissing number are known up to dimension 8; moreover, in these dimensions the extremal lattice is unique and is the same for both problems (this is certainly wrong in higher dimensions). For closed surfaces, the final result is only known for genus 2. In genus 3, there is a very promising candidate (compare [82] Until now we have compared the lengths of the shortest closed geodesics of different surfaces of a fixed Teichmüller space. One could generalize this problem and compare the lengths of the closed geodesics which are the second shortest, and so on. Here is the precise definition. This is a generalization of Theorem 3. The proof of Theorem 6 uses the following observation. H/Γ(N ) has a systole u which separates the surface into two parts Q and P such that P is a pair of pants with two cusps. By the proof of Theorem 3 it results that in every surface M in the Teichmüller space of H/Γ(N ) one can find an embedded pair of pants P with two cusps and a boundary component u such that
Since the set of lengths L(P ) equals the set of lengths L(H/Γ(N )), the theorem can be proved by showing L(P ) ≤ L(P ), which is not very hard.
The analogous problem had not been considered in the classical Euclidean geometry of numbers. But a somewhat weaker problem was treated in a paper of Conway/Sloane [23] where the best asymptotic growth was analysed and a solution was given for all dimensions m > 2 (m = 2 seems to be open). The following theorem is part of their main theorem.
Theorem 7. ([23]) Let Λ be a lattice in Euclidean space R m with determinant 1 (this is the volume of a fundamental domain of Λ). Let
for a unique lattice Λ 0 , the same which realizes the best lattice sphere packing in dimension m.
I conjecture that the sharper property of "maximal lengths" (it should be clear what this means here) also exists in the Euclidean geometry of numbers.
Conjecture 3.
In dimensions 2 to 8, the known best lattice sphere packings have "maximal lengths".
In addition to Theorem 7, this conjecture is based on the fact that in these dimensions, the best lattice sphere packings are very particular (for example they also have the best kissing number).
In dimension 2, some work has been done in order to prove this conjecture for the best circle packing, the so-called hexagonal lattice; see Kühnlein [54] . In dimension 2 the conjecture means in particular that the hexagonal lattice is "better" than the square lattice. More precisely, let 0 < h 1 < h 2 < . . . be the positive integers, listed in ascending order, which can be written as
for integers x and y. Let 0 < q 1 < q 2 < . . . be the positive integers, listed in ascending order, which can be written as
for integers x and y. Then the conjecture is
Theorem 6 above gives examples of surfaces with maximal lengths. These surfaces are all non-compact. The best candidate in the compact case is the surface of genus 2 which already appeared in Theorem 5. This surface is also known as the Bolza curve.
Conjecture 4. The Bolza curve has maximal lengths.
An often asked question is that of uniqueness. More precisely, is a surface with maximal systole unique (up to isometry) in its Teichmüller space ? The answer is no, even for surfaces with maximal lengths (see [87] ).
Systole as a Morse function
I denote by syst the function on T g,n which associates to every surface the length of a systole. This function is not differentiable since in surfaces with more than one systole, syst has a corner. While the (by syst) induced function on the moduli space of (g, n)-surfaces is proper (this follows by a result of Mumford [69] ), syst itself is not proper. For example, if M ∈ T g,n has a systole u such that all closed geodesics intersecting u are "much" longer than u, then a twist deformation along u does not change syst so that syst −1 (L M (u)) will be non-compact. However, we have the following result (this section is based on [90] ). The first function has a degenerate critical point in zero, so both functions are not Morse functions in the smooth sense. But topologically, they are equivalent to the functionsf
The critical point of f (x) has been removed and has become an ordinary point, whileĝ(x) is now a smooth function with a non-degenerate critical point of index 1. Therefore, f (x) and g(x) are nevertheless topological Morse functions.
The definition of a non-degenerate critical point M 0 ∈ T g,n for a continuous function f (from T g,n into the positive reals) is the following. There exists an open neighborhood U of M 0 in T g,n , a homeomorphic parameterization of U by N = dim T g,n real parameters y 1 , . . . , y N , and an integer j such that
The integer j is the index of the critical point. (Usually, the index is defined as the number of the negative squares, but since dim T g,n is always even, our definition does not cause problems.) Before giving some ideas of the proof of Theorem 8 let me make the following remarks.
There are well-known Morse functions on T g,n . Take for example a set F = {u 1 , . . . , u k } of k simple closed geodesics which fill up M 0 ∈ T g,n (which means that every simple closed geodesic of M 0 is intersected by an element of F ). Then the function
is a proper smooth function on T g,n with a unique critical point which is nondegenerate (this implies that T g,n is a cell). Such functions have been used for example in [52] and [108] . A function with the same properties is the energy of a harmonic map; see for example [100] , [105] . The function syst on the other hand is a Morse function on T g,n which is equivariant with respect to Γ(g, n). Such functions are helpful in order to study the topology of the moduli spaces (compare with Theorem 12 below), and syst seems to be the first explicit example. There are further candidates. The following conjecture is based on [71] , [72] .
Conjecture 5. (Sarnak [81]) − log det ∆(M ) is a Morse function (this function is the (zeta regularized) product of the non-zero eigenvalues of the Laplacian of a Riemann surface M ).
I guess that the function λ 1 , which associates to every surface the value of the smallest non-zero eigenvalue of the Laplacian, is a topological Morse function.
In the Euclidean geometry of numbers the analogue of Theorem 8 has been known for some time. 
Theorem 10. ([90]) If the elements of F fill up
For a surface M denote by S(M ) its set of systoles. This set will take the role of F . The following result is slightly stronger than Theorem 8.
Theorem 11. ([90]) M 0 is a critical point for syst iff M 0 ∈ M in(S(M 0 )); M 0 is then non-degenerate. Moreover, up to isometry, T g,n has only a finite number of critical points for syst.
An element of the proof of this theorem is the following lemma which follows directly from the definitions.
Lemma 1. If
By Theorem 10, this gives one half of the parameterization needed for a nondegenerate critical point. Namely, M 0 is the global maximum (of syst) with respect to the submanifold M in(S(M 0 )); thus it corresponds to the sum of the negative squares.
On the other hand, let ξ be a non-zero vector in the tangent space of T g,n in M 0 . For a closed geodesic u of M 0 , denote by ξ(u) the real number which is obtained by applying ξ to the length function L(u). Assume that ξ is normal to M in(S(M 0 )), which means that ξ(u) = 0 for all u ∈ S(M 0 ). Let γ(ξ) be the Weil-Petersson geodesic (in T g,n ) induced by ξ passing through M 0 . Since the length functions are strictly convex along Weil-Petersson geodesics (Wolpert [108] ), it follows that syst restricted to γ(ξ) has an isolated local minimum in M 0 . In this way, one obtains the sum of the positive squares for the desired parameterization.
Concerning the last statement of Theorem 11, observe that if M 1 and M 2 are two non-isometric critical points for syst, then S(M 1 ) and S(M 2 ) must be nonequivalent as topological sets (in the sense of Theorem 2 in section 3) since otherwise we could find a surface N isometric to M 2 such that S(M 1 ) = S(N) (in the sense of marked geodesics). But then a Weil-Petersson geodesic between M 1 and N would imply (again since the length functions are strictly convex along Weil-Petersson geodesics) that (S(N ) ), contradicting the first part of Theorem 11.
I further note a corollary of Theorem 11 which is an analogue to the theorem of Voronoï [104] that a positive definite quadratic form f is extremal if and only if f is perfect and eutactic; see also [82] , [6] .
Corollary 1. A (g, n)-surface M is a local maximum for syst if and only if M is a critical point of syst of index zero.
Since syst is a topological Morse function, syst gives rise to a cellular decomposition (by Morse [68] ). It then follows by cohomology of groups (see in particular Brown [14] ) that there is the following "mass formula" (notice the corresponding mass formula in the Euclidean geometry of numbers found by Ash [5] ; see also [7] ).
Theorem 12. ([90]) Let M ∈ T g,n be a critical point for syst of index j(M ). Let |Aut(M )| be the order of the automorphism group of M which contains the orientation preserving isometries which fix all cusps (if n > 0). Then we have
where Γ(g, n) is the mapping class group for (g, n)-surfaces with fixed cusps.
Here, Crit(g, n) is the set of mutually non-isomorphic critical points for syst in T g,n (where two critical points M 1 and M 2 are isomorphic if there exists an orientation preserving isometry φ which maps M 1 to M 2 while fixing all cusps) and χ (Γ(g, n) ) is the virtual Euler characteristic of Γ(g, n). The virtual Euler characteristic is defined as
where G is a torsion-free subgroup of Γ(g, n) of finite index J so that the ordinary
Euler characteristic e(T (g, n)/G) of T (g, n)/G is well defined (the rational number χ(Γ(g, n)) does not depend on G).
The number χ (Γ(g, n) ) has been calculated independently by Harer/Zagier [41] and Penner [73] ; see also Harer [40] .
In low-dimensional cases, it is possible to determine the set Crit(g, n) of (isomorphism classes of) critical points for syst. For example, there are exactly four (mutually non-isometric) critical points for closed surfaces of genus 2; see [90] .
Problem. Determine the critical points of syst for closed surfaces of genus 3.
Geometric characterization of arithmetic Fuchsian groups and the multiplicity in the length spectrum
Arithmetic Fuchsian groups are the most important and most interesting Fuchsian groups. This is also due to their geometric properties. A striking example is the fact that the modular group is the non-compact Fuchsian group with the smallest area (of a corresponding fundamental domain). In the geometric approach to Riemann surface theory based on closed geodesics, arithmetic Fuchsian groups appear in a natural way. These groups are often critical points for the function syst despite the fact that in every Teichmüller space there exists, up to isometry, only a finite number of surfaces which correspond to arithmetic Fuchsian groups. For example, it was mentioned above that there exist exactly four (mutually nonisometric) critical points for syst in T 2 , and it turns out that all of them correspond to arithmetic Fuchsian groups; see [90] . It is therefore natural to ask for a geometric characterization of arithmetic Fuchsian groups.
Definition. (i)
The trace set of a Fuchsian group Γ is the set T r(Γ) = {|tr(u)| : u is a hyperbolic element in Γ}.
(ii) Let Γ be a Fuchsian group. Define the subgroup Γ 2 as
(iii) An arithmetic Fuchsian group is a co-finite Fuchsian group Γ with the following two properties. Remark. Arithmetic Fuchsian groups were originally defined as the images in P SL(2, R) of unit groups of orders of quaternion algebras over totally real number fields; see for example [97] , [51] for a precise definition. Takeuchi [97] found the above (equivalent) characterization of arithmetic Fuchsian groups which I use as a definition (see also [42] ). 
Then (i) Γ is arithmetic if and only if T r(Γ) has linear growth. (ii) Γ is derived from a quaternion algebra if and only if Gap(Γ) > 0.

Conjecture 6. The theorem also holds in the co-compact case.
The proof of the theorem relies on the analysis of the trace set of two-generator subgroups of P SL(2, R), given in the following lemma. (In the lemma, the group G(x) is not necessarily discrete, but T r(G(x)) is nevertheless well defined.) Lemma 2. Let x ∈ R. Let G(x) be the subgroup of P SL(2, R) generated by T and R with
Then T r(G(x)) has linear growth if and only if x ∈ Z.
Now if Γ is a co-finite, but not co-compact, Fuchsian group, then Γ contains a parabolic element so that we may assume that Γ contains the element T (of Lemma 2) since the statement of Theorem 13 does not depend on conjugation in P SL (2, R) . Let
Let Q be the subgroup of Γ generated by T and γT γ −1 . Then T r(Q) = T r(G(x)) with x = c 2 where G(x) is defined as in Lemma 2. Theorem 13 then follows rather easily from Lemma 2. Concerning the proof of Lemma 2, observe that (T and R are defined as in Lemma 2)
and, if x is not rational, then all numbers in this set are different. It follows that the order of this set grows, with respect to N = mn, at least as N log N , hence faster than linear and Lemma 2 follows. If x is rational, then the proof of Lemma 2 is a bit more difficult. It might be possible to prove Conjecture 6 by a similar method as Theorem 13. The problem is to find some analogue to Lemma 2 (in the compact case, we do not have the very convenient element T ).
I now turn to the question of comparing the growth of the set of lengths of a surface with that of the whole length spectrum (note that the length spectrum is not a set; see the following definition).
Definition. (i)
The length spectrum of a surface M is the list of lengths of closed geodesics u i of M in ascending order
(ii) The multiplicity of a closed geodesic u in a surface M is the number of closed geodesics in M which have the same length as u. (iii) A prime geodesic in a surface M is a closed geodesic traversed once.
One of the first results concerning closed geodesics was the formula for the growth of the length spectrum. Usually, for this growth, one considers only prime geodesics. Due to the analogy with the prime number theorem the following theorem is often called the prime geodesic theorem; it is usually attributed to Selberg, even if there is no written proof by him. Independently, Huber [45] gave a proof for closed surfaces with a slightly different error term. Proofs of Theorem 14 appeared in [80] and [103] . In the theorem the numbers s k are defined as follows. If 0 < λ k < 1/4 is an eigenvalue of the Laplacian on M , then set
Theorem 14. Let M be a surface of finite area. Let π(x) be the number of prime geodesics in M with norm smaller than x. Then
In the literature, the prime geodesic theorem is usually given with half of the norm of the prime geodesics; as a consequence all exponents in the theorem are reduced to half and the analogy to the prime number theorem becomes obvious. A major question is the improvement of the error term. In analogy to the Riemann hypothesis one expects that the error term should be O(x 1+ ) for every positive (note again that the exponent is the double of the usual one), but the unique improvement found so far is for the modular group where O(x 1.4+ ) has been shown (Luo/Sarnak [58] ), improving a result of Iwaniec [48] . The question of improvement of the error term is however not a geometric question, and I shall not treat it here.
The question in which I am interested here is that of the growth of the set of lengths or, to put it a different way, the size of the multiplicity in the length spectrum. This question has attracted some interest in recent years since it is related to questions in quantum chaos; compare Luo/Sarnak [57] , Ginzburg/Rudnick [36] , Marklof [60] . The following conjecture expresses the general thinking. It is quite clear that the method of analysing pairs of pants as in Lemma 2 (note that a pair of pants has a corresponding two-generator Fuchsian group) is not powerful enough for such a result. Namely, it follows by the prime geodesic theorem and a result of Guillopé [39] that the length spectrum (taking the norms as in Theorem 14) of a generic pair of pants has a growth which is only linear times logarithmic terms.
One may express this fact in a slightly different way. The proof of Lemma 2 uses the difference in the growth of the trace sets of generic two-generator Fuchsian groups and of "arithmetically defined" two-generator Fuchsian groups (the Fuchsian groups G(x), x > 4, in Lemma 2 are not co-finite, therefore they are not arithmetic). This difference is very small, namely linear versus linear times logarithmic terms. But for Fuchsian groups of finite volume the expected difference is much bigger, namely linear versus quadratic.
A very interesting question is the following. It is known [57] that the trace set of arithmetic Fuchsian groups has linear growth. By Conjecture 7 one expects (and the arguments are convincing) that the trace set of generic co-finite Fuchsian groups has quadratic growth. But is there anything between these extremal cases? At this point, no real argument has been found to conjecture reasonably whether the answer to this question is "yes" or "no". If the answer is "yes", it would be very interesting to determine the class of Fuchsian groups which have intermediate growth (between linear and quadratic). A natural candidate for such a group is the triangle group (2, 5, ∞) which is the "simplest" non-arithmetic Fuchsian group.
However, there is an argument making it plausible that the growth of the trace set of non-arithmetic co-finite Fuchsian groups is not close to linear. Namely, by Margulis (see [59] , [109] and the references therein) arithmetic Fuchsian groups are characterized by the fact that their commensurator is not a Fuchsian group; the commensurator of a Fuchsian group Γ is the group {γ ∈ P SL(2, R) : Γ and γΓγ −1 are commensurable}.
By a result of Borel [12] , in the commensurability class of an arithmetic Fuchsian group, there are infinitely many mutually non-conjugate maximal Fuchsian groups (here, a Fuchsian group Γ is maximal if Γ is not contained in a Fuchsian group different from Γ). On the other hand, by the result of Margulis, in the commensurability class of a co-finite non-arithmetic Fuchsian group, there is a unique maximal Fuchsian group. This difference should imply that the multiplicity is much higher in the length spectrum of surfaces corresponding to arithmetic Fuchsian groups. In order to better understand the multiplicity of the length spectrum one also has to understand the so-called stable multiplicity. This multiplicity is produced by trace identities and does not change if one changes the hyperbolic metric of the surface. Based on this stable multiplicity and a construction of Horowitz, the following important theorem was derived.
Theorem 15. (Randol [77] ) In every (g, n)-surface the multiplicities in the length spectrum are unbounded.
The stable multiplicity relies on the fact that every co-finite Fuchsian group has (infinitely many) two-generator subgroups such that their corresponding surfaces have non-trivial automorphism group. It is expected that stable multiplicity can only be produced by these two-generator subgroups, which would in some sense agree with the general principle that "multiplicity is produced by symmetry". More precisely, I conjecture the following. (The automorphism group of a Fuchsian group is here the automorphism group of the corresponding surface.) A part of the conjecture is proved by the following argument. If Γ has trivial automorphism group and equals its commensurator, then every subgroup Γ ⊂ Γ of finite index has trivial automorphism group (if Γ is not a normal subgroup of a subgroup of Γ).
7.
Simple closed geodesics of the once-punctured torus and the Markoff spectrum
The once-punctured torus (this is a (1, 1)-surface) is a particularly interesting example where geometry (based on simple closed geodesics) and number theory join.
The Markoff spectrum [61] is defined as follows (for general information see Cassels [18] , Cusick/Flahive [25] , Pollington/Moran [75] ). For a real number θ and (rational) integers p, q let ν(θ) = inf{c : |θ − p/q| < c/q 2 for infinitely many q}.
Then there exists a discrete set of values ν i , the Markoff spectrum, decreasing to 1/3, with 1/3 as unique cluster point, such that if ν(θ) > 1/3, then ν(θ) is equal to one of the ν i . An equivalent definition is that of the integer solutions of the Diophantine equation
A Markoff triple is a solution (x, y, z) of this equation with 0 < x ≤ y ≤ z, and x, y, z are called Markoff numbers. It was first observed by Cohn [22] that they can be interpreted geometrically; see also Gorskov [37] . Later on, Lehner/Sheingorn [55] remarked that the Markoff numbers correspond to simple closed geodesics in the modular torus M , which is the unique once-punctured torus which is produced by a subgroup of the modular group. As a matter of fact this surface has the longest systole and even has maximal lengths; see [87] . The so-called uniqueness conjecture states that a Markoff triple (x, y, z) is determined by z. In geometric language this means that if u and v are simple closed geodesics of the same length in the modular torus M , then M has an isometry φ such that φ(u) = v. As a corollary it would follow that, in M , the maximal number of different simple closed geodesics of the same length is 6; more precisely, for every simple closed geodesic the multiplicity is either 3 or 6 (the multiplicity is here the number of different simple closed geodesics of the same length). Therefore, we have a geometric generalization of the uniqueness conjecture. But until now, no one has been able to prove for a single (g, n)-surface M , (g, n) = (0, 3), that the number of different simple closed geodesics of the same length is bounded!
The once-punctured torus has other interesting properties. For example there is the following striking result. [62] , [63] ) Let M be a once-punctured torus. Then
Theorem 16. (McShane
where the sum is over all simple closed geodesics u of M .
Concerning the proof observe first that every simple closed geodesic u of a oncepunctured torus M defines a unique simple geodesic c(u) which starts and ends in the cusp of M and does not intersect u. Let H be a small horocycle of the cusp in M , and let E be the subset of H containing a point x if and only if M has a complete simple geodesic which passes through x. Theorem 16 is proved by a detailed analysis of the set E (for example, c(u) ∩ E is an isolated point in E for every simple closed geodesic u of M ) together with the application of a result of Birman/Series [8] .
An alternative proof of Theorem 16 using Markoff triples has been given by Bowditch [13] .
The set of lengths of simple closed geodesics of the once-punctured torus has also been studied by McShane/Rivin [64] , [65] , who give in particular an estimation for the growth of this set.
Small eigenvalues of the Laplacian
Let M ∈ T g . Then M has only a bounded number of Laplacian eigenvalues smaller than 1/4; these eigenvalues will be called small eigenvalues (note that I call the eigenvalue zero also a small eigenvalue). What is their maximal number? This is a geometric problem; there are convincing arguments in favour of the conjecture that there are at most 2g − 2 small eigenvalues.
For an estimation of the first non-zero small eigenvalue λ 1 (M ) of M, there is a direct relation to closed geodesics through Cheeger's inequality, which states the following (for the material of this section I refer the reader to [85] and [16] ). It follows that for λ 1 < 1/4, Cheeger's inequality provides an upper bound for the length of the systole of M . For relations of small eigenvalues with estimations of lengths of short closed geodesics see also [15] , [92] , [21] , [28] .
In this section I describe a further connection between the maximal number of small eigenvalues and estimations of lengths of closed geodesics.
Buser [15] showed that a closed surface of genus g has at most 4g − 2 small eigenvalues. Later, he also proved the fact that there is a universal ε > 0 such that a closed surface of genus g has at most 2g − 2 eigenvalues smaller than ε (see [16] ); this is an important result since the bound ε is independent of g.
The upper bound for the number of small eigenvalues was improved in Schmutz [85] to 4g − 5. The proof of this result uses the following fact.
Theorem 18. ([85]) Every closed surface has an embedded pair of pants which has no non-zero small eigenvalue with respect to Neumann boundary conditions.
Again, the importance of the theorem relies on the fact that it is independent of g. The theorem can be reformulated in terms of simple closed geodesics. Notice that the bounds 9, 1/5 and 5 are not sharp. A partition of a surface M ∈ T g is a set of 3g − 3 mutually disjoint simple closed geodesics of M . A partition separates M into 2g − 2 pairs of pants with mutually disjoint interior. Theorem 19 gave me the idea of the following conjecture which, if true, seems to be a very strong result (which, for example, would have as a corollary that the maximal number of small eigenvalues is 2g − 2).
Conjecture 11.
Every closed surface has a partition which separates the surface into 2g − 2 good pairs of pants.
The conjecture has been proved (see [85] ) for g = 2. But this result is not a really convincing argument for the truth of Conjecture 11, since in the case g = 2 it is sufficient to use the first condition cosh z < 9 in Theorem 19. However, if g is big enough (this might be the case for g ≥ 3 already), then the second condition 1 5 sinh z < sinh(x + y) < 5 sinh z becomes the crucial one.
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An interesting problem may also be the following. For a fixed closed surface M , what is the statistical frequency of good pairs of pants among all pairs of pants embedded in M ?
